SHORTENING THE HOFER LENGTH OF HAMILTONIAN CIRCLE 

ACTIONS 



YAEL KARSHON AND JENNIFER SLIMOWITZ 

Abstract. A Hamiltonian circle action on a compact symplectic manifold is known to 
be a closed geodesic with respect to the Hofer metric on the group of Hamiltonian diffeo- 
morphisms. If the momentum map attains its minimum or maximum at an isolated fixed 
point with isotropy weights not all equal to plus or minus one, then this closed geodesic 
can be deformed into a loop of shorter Hofer length. In this paper we give a lower bound 
for the possible amount of shortening, and we give a lower bound for the index ("number 
of independent shortening directions"). If the minimum or maximum is attained along a 
submanifold B, then we deform the circle action into a loop of shorter Hofer length whenever 
the isotropy weights have sufficiently large absolute values and the normal bundle of B is 
sufficiently un- twisted. 
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1. Introduction 



A Hamiltonian circle action on a symplectic manifold (M, uj) can be viewed as a loop in 
the group Ham(M, uj) of Hamiltonian diffeomorphisms, parametrized by M/Z. As said in 
the abstract, we are concerned with deforming this loop, through loops in Ham(M, uj), into 
a loop whose Hofer length is smaller. In short, we call such a deformation "shortening". The 
reader may go directly to Section [3] for the precise statements of the new results that we 
prove in this paper. 

One motivation for such questions comes from Riemannian geometry, where one studies 
the action functional 7 t— > ||7(t)|| 2 <it on spaces of loops or paths with fixed endpoints in 
a compact Riemannian manifold. Critical points are geodesies; the index of a critical point 
is finite and is equal to the number (counting multiplicity) of conjugate points along the 
geodesic; every homotopy class contains a minimal geodesic. Morse theory in this context 
has played a major role in the study of the topology of compact Lie groups. See Milnor's 



The infinite dimensional group Ham(M, uj) is a central object in symplectic geometry. 
It has a natural Finsler metric, introduced by Hofer, which induces a non-trivial distance 
function. A path ~/(t) in Ham(M, uj) is generated by a time-dependent function H t : M — > M, 

which plays the role of 7(t); the Hofer length functional is 7 1— > (maxH t — mmH t J dt. 



There have been various attempts to extend to this setting notions that had been applied 
successfully to the actional functional of Riemannian geometry. The situation here is more 
difficult and it is not yet clear to what extent the analogy can be carried out. But the partial 
results that exist are beautiful and deep. A main theme is to express Morse properties of 
Hofer's functional on a space of paths in Ham(M, uj) in terms of the dynamics of the flows 
on M given by these paths. 

There are several notions of "geodesic path" in Ham(M, uj). With all of these notions, a 
time-independent Hamiltonian flow is geodesic. (But not every geodesic is time-independent. 
This is in contrast to the finite dimensional case: in a finite dimensional Lie group with a 
bi-invariant metric, geodesies through the origin are exactly the one-parameter subgroups.) 
Thus, every Hamiltonian circle action is a geodesic loop in Ham(M, uj). 

Starting with a Hamiltonian circle action M — > M}o<t<i on a compact connected 
symplectic manifold, here is a sample of known results. 

(1) Suppose that the circle action is semi-free near the set where the momentum map 
is maximal. (Semi-free means that only the trivial group and the entire circle occur 
as stabilizers.) Then its positive Hofer length is minimal among homotopic loops. 
See [19] . the paragraph after Thm. 1.21, whose proof relies on [T5| Thm. 1.9]. 

In particular, if the circle action is semi-free on M then it is length-minimizing 
among homotopic loops in Ham(M, uj). This was already shown by McDuff-Slimowitz 
PU Theorem 1.4]. 



book [Uj. 
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Another consequence is that, if the circle action is semi- free near the set where the 
momentum map is maximal, then the circle action is non-contractible in Ham(M, uj). 
This was already shown by McDuff-Tolman [151 Theorem 1.1]. 

(2) Suppose that the momentum map attains its maximum at an isolated fixed point and 
that the circle action is not semi-free near the maximum. Then the circle action can 
be deformed to a loop in Ham(M, uj) whose Hofer length is smaller. See Ustilovsky 
[231 Theorem 1.2.E]. 

(3) If n is a sufficiently large integer, then the non-effective circle action {4> n t}o<t<i can 
be deformed into a loop of smaller Hofer length. See Polterovich [18, p. 86]. 

Let B be the set where the momentum map attains its maximum. If there exists a 
Hamiltonian diffeomorphism g such that g(B) D B = 0, then the non-effective circle 
action {<p2t}o<t<i can be deformed to a loop in Ham(M, u) of smaller Hofer length. 
See Polterovich [181 Theorem 8.2.H]. 

Considering the opposite circle action gives the analogous results with "maximum" re- 
placed by "minimum" and "positive Hofer length" replaced by "negative Hofer length" . 

Many results in the literature apply to spaces of paths in Ham(M, uj) with fixed end- 
points and to geodesic loops or paths that are possibly time-dependent. We refer the 
reader to the papers by Hofer [7j, Bialy- Polterovich [3], Yi Ming Long [12] ; Siburg [21], 
Ustilovsky [23], Lalonde-McDuff [lQl EE], McDuff-Slimowitz [H], McDuff p3], and Save- 
lyev [19l [20] . Polterovich's book [18] contains systematic explanations of many results in the 
subject. 

Example 1.1. Start with CP 2 with the circle action [u, z, w] t— > [u,e~ 2mt z,e 2mt w] and mo- 
mentum map (\w\ 2 — \z\ 2 )/(\u\ 2 + |z| 2 + \w\ 2 ) + constant. Take an equivariant blow-up at 
the point [0,*, 0] where the momentum map is minimal. This yields a Hamiltonian circle 
action on a symplectic manifold (M, uj) whose isotropy weights where the momentum map 
is maximal are — 1, —2 and whose isotropy weights where the momentum map is minimal 
are 1, 1. It is an effective circle action that represents a non-trivial element of tti(M,u>) (by 
the above item (pp), applied to the minimum) but that can be deformed into a shorter loop 
in Ham(M, uj) (by the above item ([2]), applied to the maximum). 

Typically, to show that a geodesic cannot be deformed to a loop of smaller Hofer length 
requires "hard" holomorphic curve techniques, whereas to show that a geodesic can be short- 
ened is possible with "soft" techniques. 

In this paper we use "soft" techniques to explore the behaviour of the Hofer length func- 
tional as we deform a Hamiltonian circle action within the space of loops in Ham(M, oS). 
Starting with a circle action is a very restrictive assumption, but it allows us to obtain new 
results that do not follow from general existing results. Our new results are sketched in the 
abstract and stated in Section [31 In brief, 

* Our Theorem 13.11 is the first quantitative shortening estimate for effective Hamilton- 
ian circle actions. 
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* Our Theorem 13.71 Theorem I3.9[ and Corollary 13.121 are the first shortening results 
that apply when the extrema of the momentum map are not necessarily displaceable 
and when the circle action is effective. 

* Our Theorem 13.161 is a lower bound on the index of the Hofer length functional. It 
confirms a prediction of Yasha Savelyev. (But see Remark 11.21 ) 

We now give an overview of the paper. 

In Section [2] we review standard material that we will use. The purpose of this review is to 
remind equivariant symplectic geometers of facts about time-dependent Hamiltonian flows 
and to remind symplectic topologists of facts about momentum maps. In Section [3] we state 
our results, give examples, and pose further questions. 

In Sections HH7| we develop the main tools for the later proofs of our main results. We warm 
up by describing, in Section HI Polterovich's shortening trick for non-effective circle actions 
(item ([3]) in the above sample of known results). In our later proofs we use variations of 
this Polterovich trick; we give such variations in Section take a Hamiltonian circle action 
with momentum map H, and assume that, near the set where H is maximal, we can write 
H = K + F where K and F also generate circle actions. Also assume that the sets where K 
and F are maximal have non-empty intersection, and that there exists a symplectic isotopy 
that disjoins the first of these sets from the second. Finally, assume that the infimum of the 
sum of K and F is equal to the sum of their infima. We deduce that the circle action can be 
deformed to a shorter loop in Ham(M, u), and we estimate the amount by which this loop 
is shorter. Our actual statement is slightly more technical; see Lemma 15. 1[ The qualitative 
part of this result can be strengthened if H decomposes, near its maximum, into a sum of 
more than two momentum maps; see Lemma 15.101 Sections and [7] contain variations on 
the simple fact that a disc of area Ai can be disjoined from a disc of area A 2 inside any disc 
of area greater than A\ + A 2 . See Lemmas 16.11 and 1 7 . 1 1 

In Section [8] we prove our first new result, Theorem 13. II when the momentum map attains 
its maximum at an isolated fixed point and one of the isotropy weights has absolute value 
> 2, we give a lower bound for the amount of possible shortening, in terms of the gap 
between the two largest singular values of the momentum map. The proof consists of the 
following steps. There exists an equivariant Darboux chart whose image is the entire set 
of points where the momentum map is larger than the second-largest critical value; this set 
can be identified with an ellipsoid in C n . We view this ellipsoid as a family of discs in C 
parametrized by points in a subset of C n_1 , where the circle action on the C component is 
non-effective. From the results of Section we get shortening by an amount that depends 
on the size of a family of discs that can be disjoined from another such family through a 
Hamiltonian isotopy supported in the ellipsoid. Such an estimate, in turn, is obtained from 
the results of Section [71 For effective circle actions, these are the first shortening results that 
are quantitative. 

In Sections [9] and [10] we prove our second new result (more precisely, set of results). We 
now allow the momentum map to attain its maximum along a submanifold B of positive 
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dimension. To describe a neighbourhood of B in M, we use Sternberg's minimal coupling 
procedure and Weinstein's symplectic tubular neighbourhood theorem. Let E denote the 
normal bundle of B in M. In the simplest case, we assume that the fcth power of the Euler 
class of E is zero, where k + 1 is the smallest absolute value of an isotropy weight in E. In the 
general case, we make a similar assumption for a sub-bundle E' of E. The idea of the proof 
is to express the circle action as a composition of k + 1 circle actions on a neighbourhood 
of B and to then apply the results of Section [5j For the precise results, and for some nice 
special cases, see Theorems 13.71 and 13.91 and Corollary 13. 121 These are the first shortening 
results when the maximum is attained along a manifold that is not necessarily displaceable 
and when the circle action is effective. 

Finally, in Section [TT], we prove our third new result, Theorem l3.16t we give a lower bound 
for the index of the Hofer length functional, assuming that the momentum map attains its 
maximum at an isolated fixed point. Composing with an equivariant Darboux chart, we 
may work with a linear circle action on C n that rotates the coordinates of C n with speeds 
—hi, . . . , — k n , where the kjS are positive integers. We write the action on the jth coordinate 
as a composition of kj terms, (j) t o . . . o <p t , where generates the scalar multiplication 
circle action. We obtain a family of shortenings by applying Polterovich's trick of Section H] 
to the different factors of these compositions: in each coordinate, we conjugate all but one 
of the 0ts by a translation. Varying over the two dimensional family of translations of C, 
independently in each one of the ^2(kj — 1) conjugations, we obtain a family of loops in 
Ham(M, uj) that depends on 2 — 1) rea l parameters and such that the original circle 
action corresponds to the origin in the parameter space M 2 S( fc j-!) An explicit computation 
then shows that the Hofer length of these loops, as a function on R 2 ^^- 1 )^ achieves its 
maximum at the origin, and its Hessian is negative definite at the origin. This confirms one 
direction of a prediction for the index that was made by Yasha Savelyev. 

Remark 1.2. While completing this paper, we learned from Savelyev that he now expects to 
be able to prove this conjecture. 

This paper is the outgrowth of a joint project that took place in the years 1999-2001. Yael 
Karshon takes the responsibility for any errors that might be present. 

Acknowledgement We thank Leonid Polterovich for inspiring conversations and helpful 
suggestions. We thank Yasha Savelyev for suggesting that we compute the index of the Hofer 
length functional and telling us his conjecture for its value. We also thank Fabian Ziltener 
and Brian Lee for helpful discussions. 

2. Preliminaries 

The purpose of this section is to remind equivariant symplectic geometers of facts about 
time-dependent Hamiltonian flows and to remind symplectic topologists of facts about mo- 
mentum maps. 
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Hamiltonian isotopies. Let (M, a;) be a symplectic manifold. A smooth path of symplec- 
tomorphisms is a map t i— > tp t , from an interval / to the group of symplectomorphisms of 
(M,u), such that the map (t,m) i— > ipt{ m ) from / x M to M is smooth. Such a path is 
a Hamiltonian isotopy if its velocity vector field, defined by 4fipt = X t o ip t , is generated 
by a smooth function H: I x M — > R, by Hamilton's equations rfiJi = — t(X t )u;, where 
i? t (-) = H(t,-). The function /J = {i? t } te j is called £/ie Hamiltonian. If the Hamiltonian 
isotopy {^ t } is compactly supported, its Hofer length is 



A symplectomorphism is Hamiltonian if it can be connected to the identity map by a Hamil- 
tonian isotopy. 

The positive and negative Hofer length functionals. Suppose that M is compact. 
The Hamiltonian {H t } is normalized if 



J M 

The positive Hofer length functional associated to a Hamiltonian isotopy {<pt} a <t<b in Ham(M, a;) 
is the number 



where {H t } a < t < b is the normalized Hamiltonian that generates the isotopy. The negative 
Hofer length functional is, similarly, 



The Hofer length of (p is then £+(ip) + £-(<p)- 

Conjugation. If {■?/><} is a Hamiltonian isotopy, generated by {H t }, and b is a symplectomor- 
phism, then {biptb^ 1 } is a Hamiltonian isotopy, generated by {H t o b^ 1 }. If i7 t is normalized 
then H t ob~ l is also normalized. 

Reparametrization. Let {ipt} be a Hamiltonian isotopy, generated by a function 

Let t — t(r) be a smooth function. Then ip T := tpt(r) is a Hamiltonian isotopy, generated by 

the product H T := H t ( T )j^. 

Indeed, let £ t be the vector field that generates the isotopy, so that jrA) t = £t°ipt an d dH t = 



-t(qu. Let C = Ct(r)f ■ Then dtf r = dH t{r) § = and = | ^U (r) f = 



Composition. If {ip^} te i is a Hamiltonian isotopy generated by {K t } te i, and } t ei is 
a Hamiltonian isotopy generated by {F t } te i, then {ip^ o ifj[} t£l is a Hamiltonian isotopy, 
generated by {X t + F t (^f )' 1 }te/. If #t and F t are normalized, so is K t + F t . 




1 




for all t. 





max —H t dt. 
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The Hamiltonian group. A symplectomorphism is Hamiltonian if it is the time-one map 
of a Hamiltonian isotopy. The set of Hamiltonian symplectomorphisms is a group; it is 
denoted Ham(M, uj). 

Paths in the Hamiltonian group. If {ipt} is a smooth path in the group of symplectomor- 
phisms of (M,lv), and for each t the symplectomorphism ip t is in the subgroup Ham(M, uj), 
then {ip t } is a Hamiltonian isotopy. This is a result due to Banyaga [H p. 190, prop. II. 3. 3]. 
In textbooks, the proof is often omitted or is intertwined with proofs of more difficult facts. 
We recall the proof. 

Let & be the velocity vector field, defined by 4^ = £,t ipt- The path {ip t } is a Hamiltonian 
isotopy if and only if is exact for all t, if and only if the if^M; R)-valued integral 

Fhxx({ip T }o< T < t ) := fo[i(£ T )uj]dT is zero for all t. (We then set H t (x) = — t(£t)a>.) 

The evaluation of the flux on a smooth loop 7: S 1 — > M is equal to the symplectic area of 
the surface 7 : S 1 x [0, t] — > M given by j(s, r) := i[) T (j(s)); this follows from Stokes's formula. 
It follows that the flux of a closed loop of symplectomorphisms is a class in H l (M; R) whose 
evaluation on elements of H\{M;Tfc) takes values in the countable set (uj, H 2 (M; Z)). Such 
classes make up a countable subgroup of if 1 (M;R). 

Suppose that {ipt} is a path of symplectomorphisms and that each tp t is Hamiltonian. Then 
for each t the path {^ T } < T < t can be completed to a closed loop of symplectomorphisms by 
a Hamiltonian isotopy. This completion does not effect the flux. So t 1— > Flux({-?/v}o<T<t) is 
a continuous map that takes values in a countable subgroup of H X {M ; R). Such a map must 
be constant. Since it is zero for t — 0, it is zero for all t. 

Hamiltonian circle actions. Let (M, to) be a symplectic manifold with a circle action 
generated by a Hamiltonian H: M — > R. The momentum map for the circle action is the 
Hamiltonian i7. 

The critical points of are the fixed points for the circle action. Let p G M be such a 
point. The linearized isotropy action on T P M is linearly equivariantly symplectomorphic to 
C n with the standard symplectic form and with the circle acting as a subgroup of (S 1 )™, 
namely, e 2mt ■ (zi, . . . , z n ) = (e 2mklt zi, . . . , e 2mknt z n ). The integers fci, . . . , fc n , which measure 
the speeds at which the linearized S^-action rotates its eigenspaces, are called the isotropy 
weights at p. They are unique up to permutation. This isomorphism T P M = C n carries the 
Hessian of H to the quadratic form TrA^I^I 2 + . . . + 7rk n \z n \ 2 . So if H attains its maximum 
at p then all the isotropy weights at p are non-positive. 

The equivariant Darboux theorem asserts that a neighbourhood of p in M is equivariantly 
symplectomorphic to a neighbourhood of the origin in T p M. In particular, if p is an isolated 
fixed point then the isotropy weights at p are all non-zero. Thus, at least one isotropy weight 
at p has absolute value greater than one if and only if every neighbourhood of p contains a 
point whose stabilizer is finite and non-trivial. Also, the set -B max where H is maximal is a 
symplectic submanifold, and the circle acts on the fibres of its normal bundle with negative 
weights. 
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The momentum map if is a Bott-Morse function with even indices and coindices. Assum- 
ing that M is compact and connected, this implies that the level sets of H are connected 
and that preimages of intervals are connected. Thus, the maximum of H is attained along 
a connected component of the fixed point set. If a fixed point p is a local maximum for H 
then it is also a global maximum. If a neighbourhood of p in M is equivariantly symplecto- 
morphic to the ellipsoid {z | ^2kjTr\zj\ 2 < e} with the momentum map — kj7r\zj\ 2 , then 
this neighbourhood contains all the points in M where H is e-close to its maximum. 

See [HE]. 

3. New results and further questions 

In this section we state our main results. We prove them in Sections El Ell and [Til 
We also give some examples, corollaries, and further questions. 

In each of these results, we start with a Hamiltonian circle action, viewed as a loop in the 
group of Hamiltonian diffeomorphisms, and we deform it to a loop whose Hofer length is 
smaller. Moreover, throughout the deformation, the negative Hofer length remains constant, 
and the positive Hofer length becomes smaller without ever becoming larger than the initial 
one. 

Shortening on a manifold with an isolated maximum. 

Theorem 3.1. Let (M,u) be a compact connected symplectic manifold with a Hamiltonian 
circle action. Suppose that the momentum map attains its maximum at an isolated fixed 
point and that at least one of the isotropy weights at that point has absolute value greater 
than one. Let d be a positive number that is smaller than the gap between the two largest 
singular values of the momentum map. Then the circle action can be deformed to a loop in 
Ham(M, uj) whose Hofer length is smaller than that of the original circle action by 2d/9. 

Remark 3.2. In Theorem 13.11 we can choose the deformation such that the positive Hofer 
length never exceeds the initial one and the negative Hofer length remains constant. Specif- 
ically, let H denote the momentum map, let p max denote the point where H attains its 
maximum, let a denote the gap between the two largest singular values of H, and consider 
the subset of M given by 

(3.3) {m | H{m) > H{p max ) - a}. 

We can choose the deformation such that the normalized deformed Hamiltonians remain 
greater than i?(p max ) — a on the set (13.31) and coincide with H outside this set. 

Remark 3.4. In Theorem I3.1[ we actually obtain a better estimate than |d. If one of the 
isotropy weights is even then we can shorten by jd. Otherwise, let —ki be the weight whose 
absolute value is largest; then we can shorten by |(1 — jx)d. When k\ — 3, this becomes |d. 

This is the first quantitative result for shortening of loops in Ham(M, uo) that are effective 
circle actions. We prove it in Section [HI 

The estimate of Theorem 13. II is far from sharp, as we see in the following example. 
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Example 3.5. Let a, b be positive integers that are relatively prime. Let e 2 ™* G S 1 act on 
CP 2 by [u, z, w] t— > [u,e~ 27Tlta z,e 2mtb w], with the Fubini-Study form normalized such that 
the momentum map is (— a\z\ 2 + 6|u>| 2 )/(|-u| 2 + \z\ 2 + |u>| 2 ) + constant. The Hofer length of 
this action is a + b. The isotropy weights at the maximum are —b, — (a + b); the isotropy 
weights at the minimum are a, a + b. Applying the shortening result of Theorem 13.11 and 
the analogous result with maximum replaced by minimum, for any e > we can deform the 
circle action to a loop of Hofer length < 7/9(a + b) + e. This upper bound is greater than 
one. But the action can be deformed to a loop of Hofer length one or zero, so the bound is 
not optimal. (To see that the action can be deformed to a loop of Hofer length one or zero, 
notice that the action extends to an action of PU(3), that 7r 1 (PU(3)) = Z/3Z, and that the 
non-trivial elements of 7r 1 (PU(3)) are represented by the actions [u,z,w] i— > [u, e~ 2mt z, w] 
and [u, z, w] t— > [u, z, e 2mt w], which have Hofer length equal to one.) 

Remark 3.6. The above example is inspired by Proposition 1.3 of the paper [16] of McDuff 
and Tolman: if G is be a compact Lie group with trivial centre and M is a coadjoint orbit 
of G, then every non-trivial element of 7r 1 (G) is represented by a sub-circle of G that acts 
on M semi-freely. 

Shortening on a manifold with an arbitrary maximum. 

Recall that, on a compact connected symplectic manifold with a Hamiltonian circle action, 
the set where the momentum map is maximal is a symplectic submanifold. 

In the following theorem, a subset B of a symplectic manifold M is symplectically k- 
displaceable in a neighbourhood V if there exist k symplectomorphisms b\, . . . , of M, each 
connected to the identity through a path of symplectomorphisms supported in V, such that 

Bnii(B) n...n& fc (B) = 0. 

In the symplectic literature, ll B is displaceable" often means that there exists a Hamil- 
tonian symplectomorphism g such that B H g{B) = 0. Thus, a set can be symplectically 
fc-displaceable in every neighbourhood without being displaceable (even when k = 1). 

Theorem 3.7. Let (M,uj) be a compact connected symplectic manifold with a Hamiltonian 
circle action. Let B max be the set where the momentum map is maximal. Let —hi, . . . , — k s 
denote the distinct weights for the circle action on the normal bundle of B max , and let 
k := min{/ci, . . . , k s } — 1. Suppose that B max is symplectically k- displaceable in every neigh- 
bourhood. Then the circle action can be deformed through loops in Ham(M, uS) into a loop of 
smaller Hofer length. 

Remark 3.8. In Theorem 13.71 we can choose the deformation such that the positive Hofer 
length never exceeds the initial one and the negative Hofer length remains constant. Specifi- 
cally, let H denote the momentum map. For every positive number a, we can choose the de- 
formation such that the normalized deformed Hamiltonians remain greater than H(B max )—a 
on the set {m 6 M \ H(m) > H(B max ) — a} and coincide with H outside this set. 

In practice, the easiest way to show that a symplectic submanifold is symplectically k- 
displaceable in every neighborhood is to show that the fcth power of its normal bundle is 
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zero. (A;-displaceability then follows from the local normal form ( 19. 5ft and Lemma l9~9l ) More 
generally, we have the following theorem. 

Theorem 3.9. Let (M,u) be a compact connected symplectic manifold with a Hamiltonian 
circle action. Let -B max be the set where the momentum map is maximal. Let E' — > S max be 
an S x -invariant subbundle of the normal bundle to B max in M , and let —k[, . . . , — k' s , be the 
distinct weights for the circle action on E' . Let 

k' = mm{k' 1 ,...,k' s ,} - 1. 

Let e(E') G H*(B max ) be the Euler class of E' . Suppose that 

(3.10) e(E') k ' = 

in if*(.B max ). Then the circle action can be deformed through loops in Ham(M, w) into a 
loop of smaller Hofer length. 

Remark 3.11. In Theorem 13.91 we can choose the deformation such that the positive Hofer 
length never exceeds the initial one and the negative Hofer length remains constant. Specifi- 
cally, let H denote the momentum map. For every positive number a, we can choose the de- 
formation such that the normalized deformed Hamiltonians remain greater than H(B max ) — a 
on the set {m e M \ H(m) > H(B mSuX ) — a} and coincide with H outside this set. 

Theorem 13.91 has the following corollaries. 

Corollary 3.12. Let (M, u) be a compact symplectic manifold with a Hamiltonian circle 
action. Let B max be the subset of M where the momentum map attains its maximum. Let E 
denote the normal bundle of B max in M and —ki, . . . , — k s the distinct weights for the circle 
action on E. Suppose that one of the following conditions holds. 

(1) 

e(E) k = 0, 

where e(E) is the Euler class of E and k = minj/c!, . . . , k s } — 1. 

(2) The normal bundle of B max in M has a trivial sub-bundle on which the circle acts 
with a weight of absolute value > 2. 

(In particular, this holds under the assumptions of Theorem \3.1\ ) 

(3) We have 

dimS max 

kj > 1 + —r. 5 

codim 5 max 

for all j E {l,...,s}. 

(4) After a possible relabeling, assume that k% < . . . < k s . Let Ej denote the sub-bundle 
where the circle acts with weight —kj. There exists j e {1, . . . , s} such that 

(kj - 1) rank(E j © . . . © E s ) > dimS max . 

(For j = 1, this condition amounts to case Q.) 

Then the circle action can be deformed through loops in Ham(M, uj) to a loop of smaller 
Hofer length. 
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Moreover, we can choose a deformation with the properties described in Remark 13.111 

Proof of Corollary \3.12i In each of the four cases, (110.21) holds for an appropriate choice of 
sub-bundle E'\ 

(1) Set E' = E. Then k' = k, and the assumption e(E) k = gives ffTTT2j) . 

(2) Let E' be a trivial sub-bundle of E on which S 1 acts with a weight —k[ of absolute 
value ki > 2. Then e(E') = and k! = k[ - 1 > 1, so (TT0T21 holds. 

(3) Let E' = E. Then ranke(£") = codimi? max . Our assumption on the weights give 
k' > codi^ 1 ^ • ^° k' Tanke(E') > diml? max , and f 1 1 . 2 j) holds for dimension reasons. 

(4) Let E' = Ej © . . . © E s . Then k' = kj — 1. The assumption on the weights gives 
k! ranke(-E') > dim5 max , and again fl 1 . 2 [) holds for dimension reasons. 

In each of these cases, the shortening result follows from Theorem 13.91 □ 

Remark 3.13. The condition e(E) k = in Part (1) of Corollary 13.121 means that all the 
weights have absolute value > 2 and the normal bundle E is "sufficiently untwisted". The 
condition e(E') k = for a sub-bundle E' in Theorem 13.91 implies that e(E) k = 0, but it 
does not necessarily imply that e(E) k = 0, because k' can be larger than k. 

Remark 3.14. At final stages of preparing this article we became aware of an interesting 
relationship with the work of McDuff-Tolman. In the terminology of Section 1.1 of McDuff- 
Tolman's paper [13], the component B mSuX is homologically visible if and only if the Euler 
class of the bundle (E l ® C^ 1 ) © . . . © (E s ® C** -1 ) is no n- zero. By Theorem 1.2 of |15j . 
if -B max is homologically visible then the circle action is non-contractible in Ham(M, u). 
(Proposition 3.3 of [T3J might also imply that if -B max is homologically visible then the 
circle action is minimal among homotopic loops, but we did not check the details.) The 
condition (110. 2p of our Theorem 13.91 implies that B mSuX is not homologically visible. We do 
not know whether, in Theorem I3.9[ condition fl 1 . 2 j) can be replaced by the condition that 
-Bmax not be homologically visible. 

We prove Theorems 13.71 and 13.91 in Section [TUJ These are the first shortening results that 
apply to situations when the maximum is not necessarily displaceable. 

Example 3.15. Let e 2nit E S 1 act on CP 5 by 

[zo, zx,z 2 ,z 3 , z 4 ] ^ [zo, zx, e- 2wit z 2 , e" 2 "*' 2 ^, e" 2 ™*- 3 ^], 

with momentum map (— |z 2 | 2 — 2|z 3 | 2 — Sl^^/d^oP + kiP + I^P + kaP+l^^+constant. The 
momentum map attains its maximum along the submanifold -B max = {[zq, Z\, 0, 0, 0]}, which 
is isomorphic to CP 1 . The isotropy weights along -B max are —1, —2, —3. The momentum 
map attains its minimum at the isolated fixed point [0,0,0,0,24]. The isotropy weights at 
the minimum are 1, 2, 3, 3. In the notation of item (4) of Corollary 13. 12[ applied at B mSuX , we 
have the following values. 
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We can apply item (4) of Corollary 13.121 to either E% © E3 or E3 . Also applying Theorem 13.11 
at the minimum, we conclude that the circle action can be deformed to a loop whose positive 
Hofer length and negative Hofer length are both smaller. Nevertheless, the circle action is not 
contractible in Ham(M, uj): it is homotopic (in PU(5)) to the circle action [zo, z\, Z2, Z3, Z4] 1— > 
[e~ 2nlt z , Zi, z 2 , z 3 , Z4, z 5 ], which is semi-free and thus non-contractible (by item ([1]) on p. [2]). 

The index of the Hofer positive length functional. 

Theorem 3.16. Let (M,uj) be a 2n dimensional compact connected manifold with a Hamil- 
tonian circle action. Suppose that the momentum map attains its maximum at an isolated 
fixed point. Let —k\, . . . , — k n be the isotropy weights at the maximum, with possible repeti- 
tions. Then there exists a neighbourhood D of the origin in M^ 2 ( fc j~ 1 ) ; and, for each A G D, 
a loop {iftt }o<t<i i n Ham(M, ui), such that the following properties hold. For X = 0, the loop 
{ipt }o<t<i is the given circle action. The function A 1— > length({-?/^ A ' ) }) is smooth, A = is a 
critical point of this function, and the Hessian of this function at A = is negative definite. 

Remark 3.17. In fact, we can choose the deformation such that the negative Hofer length 
remains constant. Specifically, let H denote the momentum map, and let p max denote the 
point where H attains its maximum. For every positive number a, we can choose the 
deformation such that the normalized deformed Hamiltonian remains greater than H (p max ) — 
a on the set {m £ M \ H{m) > H(p max ) — a} and coincides with H outside this set. 

Savelyev [19], [20] , in the setup of Theorem I3.16[ predicted that the index of the positive 
Hofer length functional on the space of loops in Ham(M, uj) at the given Hamiltonian circle 
action is equal to J^2(/cj — 1). Theorem 13.161 is a sense in which the index of the positive 
Hofer length functional is at least ^2(^ — 1). So Theorem 13.161 confirms the > direction 
of Savelyev's prediction. (But see Remark [L2l ) 

Further questions. 

(1) Are there examples where the estimate of Theorem 13.11 is sharp? 

(2) Can the estimate of Theorem 13.11 be improved in the presence of high isotropy 
weights? 

As noted by Polterovich, this question is also interesting for non-effective circle 
actions obtained by iterating an effective circle action, as it may provide information 
on the asymptotic norm of the homotopy class of the effective circle action (see [18J). 

(3) Under the assumptions of Theorem 13.71 or of Theorem I3.9[ can one obtain a quanti- 
tative estimate? 

(4) In Theorem 13.91 can the condition (110. 2p be replaced by the condition that B max not 
be homologically visible? (Cf. Remark 13.141 ) 
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(5) Can Theorem 13.161 be extended to cases in which the maximum is attained along a 
manifold of positive dimension? 

(6) Savelyev's prediction for the index of the positive Hofer length functional is an even 
number. Polterovich expects the index to be even in additional cases. On a com- 
pact connected manifold, a Morse function with even indices and coindices has nice 
topological properties: every local minimum is a global minimum, and the level sets 
are connected. Palais- Smale-Morse theory does not apply to the space of loops in 
Ham(M, u), but we may seek analogies. 

If a loop in the Hamiltonian group is a local minimum for the positive Hofer length 
functional, is it also a global minimum in its homotopy class? 

Suppose that a homotopy class in 7r 1 (Ham(M, u)) contains two circle actions that 
are semi-free near the set where the momentum map is maximal. (Cf. item (1) on 
p. [2j) Can we deform one to the other through loops of constant positive Hofer 
length? 

4. Shortening a non-effective circle action 

To warm up, we describe a procedure, which we learned from Leonid Polterovich, for short- 
ening a non-effective Hamiltonian circle action by displacing the set where its momentum 
map is maximal. 

Let H : M — > R be a time independent Hamiltonian. Suppose that \H generates a circle 
action, {(pt}o<t<i, so that H generates the non-effective circle action 

(4.1) = 02* = fa o <p t - 
Let b: M — > M be a symplectomorphism. Then 

(4.2) ■^{(f>tb(f>tb- 1 } <t<i 

is a loop in Ham(M), based at the identity, and generated by the Hamiltonian 

(4-3) H t = ^H+^Hb- 1 ^ 1 . 

If H is normalized, so is H t . 

If b can be connected to the identity through a path of symplectomorphisms, then the 
loop (14.21) is a deformation of the loop (14.11) . Since H t (x) < ma.xH and H t (x) > mini? for 
all x G M and all t, 

(4.4) length({^f}) < length({^f}), 

and this is a strict inequality if maxH t < maxH for some t. 

Denote by the subset of M where H takes its maximal value. If B^ ax fl b(B^ ax ) = 
then, for t = 0, the maximum of H = |i? + ^Hb^ 1 is strictly smaller than that of H . 

We have shown that, if there exists a symplectic isotopy that displaces the set where 
the momentum map is maximal, then the non-effective circle action can be deformed to 
a loop of shorter Hofer length. A similar argument gives a quantitative result: if there 



14 Y. KARSHON AND J. SLIMOWITZ 

exists a symplectic isotopy that displaces the set where the momentum map is e-close to its 
maximum, then the non-effective circle action can be deformed to a loop whose Hofer length 
is shorter by e from that of the original circle action. 

5. Shortening a combined action 

In this section we give variations of Polterovich's trick that apply to effective circle actions. 
We begin with a lemma that we will use to prove Theorems 13. 1[ The lemma has two parts 
- a qualitative part and a quantitative part. 

We say that a symplectomorphism b disjoins a set A from a set B if b(A) D B = 0. 

Lemma 5.1. Let (M,u) be a compact symplectic manifold. Let H : M — > R be the momen- 
tum map for a circle action {^jr }o<t<i- Let 

i: (U,u ) -> (M,u) 

be an open symplectic embedding. Suppose that 

(5.2) i*H = K + F on U, 

where K and F generate commuting circle actions {ipf}o<t<i an d {4'[}o<t<i on U. 
Let N : U — > R be a function that Poisson commutes with K and F and satisfies 

(5.3) inf (K + F) = inf K + inf F for every a G R. 

iV"- 1 (o ! ) iV- 1 (a) iV- 1 (a) 

Also suppose that 

(5.4) z(Z7) does not meet the set where H is minimal. 

(1) Let 

-E?max = {m G M I if zs maximal at m }, 
-E?max = {w G Z7 | is maximal at u }, 
and -Bmax = {n G f/ I -F zs maximal at u }. 

Suppose that 

(5.5) Bj^CiQU) and Bj^nB^^Q. 

Suppose that there exists a symplectomorphism b: U — » C/ i/iai disjoins B^ ax /rom 
-B^ ax and snc/i £/iai 6 can 6e connected to the identity through a path of symplecto- 
morphisms that are compactly supported in U and that preserve the function N . 

Then the circle action {^^} can be deformed, through loops in Ham(M, oj), to a 
loop {^^} whose Hofer length is smaller. 

(2) Lete>0. Let 

J\f e H = { m £ M | H(m) > max H - e}, 
Mf = {u G U | K(u) > maxK- e}, 
and Aff — {u G U \ F(u) > maxF - e}. 
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Suppose that 

(5.6) N?<Zi{U) and B^nB^Q. 

Suppose that there exists a symplectomorphism b: U — > U that disjoins M[ from 
and such that b can be connected to the identity through a path of symplectomorphisms 
that are compactly supported in U and that preserve the function N. 

Then the circle action {^^} can be deformed, through loops in Ham(M, uj), to a 
loop {^f} whose Hofer length is smaller than that of {^^} by at least e. 
In each of these two cases, the deformation can be chosen such that the deformed Hamilto- 
nians coincide with H outside the set i(U) and attain the same infimum as H on the set 
i{U), so the positive Hofer length never exceeds the initial one and the negative Hofer length 
remains the same throughout the deformation. 

Proof. Because K and F generate commuting circle actions, K o ipf = K and F o ipf = F 
for all t. 

Because B^ C i(U), i*H = K + F, and B^ n B^ ± 0, 

( 5 - 7 ) ^max = * (^rnax n ^rnax) • 

Let b: U —>■ U be & compactly supported symplectomorphism of U. 
The loop 

i o o bijjfb -1 ) o i^ 1 on U 
)f outside U 

is generated by the Hamiltonian H t : M — > K. that is given by 

= ((K + Fb-^-^oi-i onU 
I H outside U. 

If H is normalized, so is H t . 

If b can be connected to the identity through a compactly supported symplectic isotopy, 
then the loop {ip^} is a deformation of the loop {ip^} in Ham(M, u). 

By ( 15. 7p and (15.81) . we have max if t < max ff for all t. So the positive Hofer length of 
{ipf} does not exceed that of the circle action {ijjf}- 

If b preserves N, then, by (15.31) . ( 15.41) . ( 15. 8ft . and because preserves N, we have min H t = 
minff for all t. So the negative Hofer length of {ipf 1 } is equal to that of the circle action 

Suppose that b disjoins B^ ax from B^ ax . Then, for t = 0, we have max if = ma.x(K + 
Fb^ 1 ) < maxfT + maxF = max if. This strict inequality is because 5^ fl -B^L 5 being 
equal to B^ ax fl b(B^ ax ), is empty. (In fact, max H t < max if for all t; this follows from 
K + Fb- 1 ^)- 1 = (K + Fb" 1 )^)' 1 and 5^ ax n b(B^ x ) = 0.) Because the inequality 
max if 1 < max if holds for all t and is strict for t = 0, the positive Hofer length of {ipt 1 } is 
strictly smaller than that of the circle action {i/jf}. 
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This completes the proof of the first, qualitative, part of the lemma. 

To prove the second, quantitative, part of the lemma, suppose now that b disjoins Aff 
from Af^, let m be a point in M, and we will show that H t (m) < max if — e for all t. 

Suppose that m is not in i(U), and, thus, also not in Af ( . Then H t {m) = H{m) and 
H(m) < max if — e, so 

Ht{fn) < max if — e. 
Now suppose that m is in i(U), say, m = i{u) for u G U . By (15.8j) . 

if t (m) = if (u) + F(w') 

where m' = b" 1 (tpf )" 1 (u) . If H t {m) is e-close to maxii, then u G A/^ and u' G A//, that 
is, 

(5.9) ueK K n^f(6(AC F )). 

Because K = K o ijj^ , The set A/" e x is preserved under so we can rewrite (15.91) as 
u G *f (A/^ n b(Aff)). But, by assumption, A/^ n 6(A/7) is empty. So F t (m) cannot be 
e-close to maxii, and again we conclude that H t (m) < maxii — e. So H t (m) < maxii — e 
for all m G M and for all t. Since iit is normalized, we conclude that the positive Hofer 
lengths satisfy < £ + ({ipf}) — e, as required. □ 

The second, quantitative, part of Lemma I5.ll does not automatically extend to more than 
two summands. The first, qualitative, part does extend to more than two summands. We 
now give such an extension. We will use it to prove Theorems I3.7I and I3.9I 

Lemma 5.10. Let (M,u) be a compact symplectic manifold. Let H : M — > K be the mo- 
mentum map for a circle action {ipf}o<t<i- Let 

i: (U,u ) -> (M, u) 

be an open symplectic embedding. Suppose that 

(5.11) i*H = H {0) + H {1) + . . . + H (k) onU 

where ii(o), • • • > ^(fe) generate commuting circle actions on U. 
Let 

f?max = {m G M I H is maximal at m} 

and, for each < j < k, 

-^mL = {u £ U \ Hrfl is maximal at u}. 

Suppose that 

(5.12) B^Ci(U) and B®, n B®, n . . . n B^L ^ 0- 

Let N : U — > R fre a function that Poisson commutes with ii( ),ii(i), . . . , if(fc), one? suc/i 

(5.13) inf (ii(o) + iim + . . . + Hr k \) = inf H {j) for every a el. 
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Also suppose that 

(5.14) i(U) does not meet the set where H is minimal. 
Suppose that there exist symplectomorphisms bi, . . . , bt of U such that 

(5.15) a£L n 6i(flSL) n . . . n b k (B^ x ) = 

and such that each bj is connected to the identity through a path of symplectomorphisms that 
is compactly supported in U and that preserves N. 

Then the circle action {ipf} can be deformed, through loops in Ham(M, u), to a loop {il> t } 
whose Hofer length is smaller. 

The deformation can be chosen such that the deformed Hamiltonians coincide with H 
outside the set i(U) and attain the same infimum as H on the set i(U), so the positive Hofer 
length never exceeds the initial one and the negative Hofer length remains the same. 

Proof. Denote by 

}o<t<i , ••• , {&t }o<t<i 
the circle actions on U that are generated by -ff(o), • • • , Let 6 1; . . . , b k be arbitrary 

compactly supported symplectomorphisms of U. For each j e {0, . . . , k}, let 

(5.16) $f := V (0) o (fti^ftT/ 1 ) o.-.o (b^bj 1 ) ■ 

This is a loop in Ham(C7, ujq). By induction on j, one shows the following three facts: 
(1) {ip^} is generated by the Hamiltonian 

(5.17) Hf := H (0) + H {1) b? o ($V + . . . + H Q) bJ l o (^"V- 



(2) Outside the support of b\, . . . , b 



= 4 j) and H? = #( ) + H (1) + ... + H U) . 

(3) For all t, 

(5.18) J (h® - (if (0) + H (1) + ... + H {j) )) uj% = 0. 

We give more details for the third fact. By (15.171) . the left hand side of (I5.18P is the sum 
over m — 1 , . . . , j of 



J u ( K H {m) b m \4 m - 1) )- 1 - H {m) )ul 



This mth summand is equal to 

I (H {m) o 6-i o - H (m) o (^ m - 1) )- 1 ) 

because ipt™'^ preserves H^ m y This, in turn, is equal to 

H{m) ob m °m ) ° Wt ~ H (m) ) W, 
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because ip'f 1 ^ preserves the volume form Uq . This last expression is equal to zero, because 

^rn ° (^l™ i J t n ^ is a compactly supported diffeomorphism that preserves the volume 
form Uq . Thus, (15.181) is true. 

By the above items (1) and (2), we can define a loop in Ham(M, to) by 



i o ipi' o i 1 on i{U) 

if) t on M\i(U), 



(5.19) H t 



and it is generated by the Hamiltonian 

# (0 ) + H^ 1 ^)- 1 + ■■■ + H^i^r 1 ) o I' 1 on i(U) 

on M\i(U). 

By the above item (3), if H is normalized, so is H t . 

Suppose that bj preserve the function N. Because ip^ preserve N, and by ( 15. 16ft . ip t J 
also preserve N. From (15.111) . ( 15. 13ft . ( 15. 14ft . and ( 15. 19ft . we deduce that mmH t = minif. 
So the negative Hofer length of {ij; t } is equal to that of the circle action 

From (15.111) . (15. 121) . and (15.191) . we see that maxH t < max if, with strict inequality when 

MM 

t — if bi, . . . , bk satisfy (15.151) . This implies that the positive Hofer length of {ip t } does not 
exceed that of {ipf}, and, if b\, . . . , bk satisfy ( 15.151) . then the positive Hofer length of {ijj t } 
is strictly smaller than that of {ipf 1 }- 

The lemma is obtained by applying this argument as b\, . . . , b^ vary over smooth paths of 
symplectomorphisms that connect them to the identity, are compactly supported in U, and 
preserve the function N, and where the initial bi, . . . , b k satisfy (15. 15j) . □ 



6. Disjoining discs in C 

For every neighbourhood of the origin in C, there exists a Hamiltonian isotopy, supported 
in this neighbourhood, which disjoins the origin from itself. Such an isotopy can be gen- 
erated by a function F: C — > K whose Hamiltonian vector field is zero outside the given 
neighbourhood, is equal to on a neighbourhood of the origin, and is equal to a non- 
negative multiple of — ^ everywhere on the x-axis. For example, if the given neighbourhood 
contains the set {z | vr|z| 2 < 3e}, we may take the function F(z) = y p(7r\z\ 2 /e — 1) where y 
is the imaginary part of z and where p(s) is equal to one for s < 0, to zero for s > 1, and to 

(J s 1 e -7(T k 7Trf r )/(J o 1 e -7(T k 7T^ r ) for < S < 1. 

For our quantitative results we will need to keep track of the sizes of neighbourhood of 
the origin that get disjoined. We do so in the following lemma. 

Lemma 6.1. There exists a smooth family of functions 
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parametrized by A > and < e < 1, such that F A,<L (z) = for z outside the disc {z \ tt\z\ 2 < 
1 + A + e} and such that the Hamiltonian flow b A ' e : C — > C of F^' e , at time t = 1, carries 
the disc {z \ tt\z\ 2 < 1} into the annulus {z | A < tc\z\ 2 < 1 + A + e}. 

Remark 6.2. Smooth family means that the function (A, e, t,z) i— > _F t A ' e (,2) from [0, oo) x 
(0, 1) x [0, 1] X C to R is smooth in the usual sense. It follows that the function (A, e, t, z) t— > 
bf' e (z) is smooth. 

Lemma 16.11 is used in the next section, in the proof of Lemma 17.11 The rest of this section 
is devoted to the proof of Lemma 16. 1[ The reader may skip the proof and proceed to the 
next section. 

Lemma 6.3. There exists a smooth family of (time independent) functions H e : C — > R 7 
parametrized by < e < 1, whose Hamiltonian flows h\ have the following properties. 

• For every t, the diffeomorphism b\ is the identity map outside the disc 

(6.4) {z | tx\z\ 2 < 1 + e}. 

• For t > 1, the diffeomorphism b\ carries the disc 

(6.5) {z | n\z\ 2 < 1} 
into the slit disc 

(6.6) {z|7r|z| 2 <l + e}\ the non-negative x-axis. 

Proof. We choose H e such that, for each e, the Hamiltonian vector field of H e is zero outside 
the disc ( 16.41) . is equal to — on the segment [0, 1] of the x-axis, and is equal to a non- 
negative multiple of — on the rest of the x-axis. 

For example, we may take H e (z) = yp((7r\z\ 2 — l)/e) where y is the imaginary part of z 
and where p(s) is equal to 1 for s < 0, to for s > 1, and is non-negative. 

For each t, the Hamiltonian flow generated by the function H e , at times t > 0, carries the 
segment [—1 — e, 1] to a segment of the form [—1 — e, x t ]; if t > 1, then x t < 0. Also, this flow 
carries the segment [1, 1 + e] to the segment [x t , 1 + e], and it is the identity map outside the 
disc ( 16.41) . Thus, it satisfies the requirements of the lemma. □ 

Lemma 6.7. There exists a smooth family of functions Hi' 5 : C R, parametrized by 
< e < 1 and < 5 < e, whose Hamiltonian flows b e t ' 5 : C — » C have the following properties. 

• The diffeomorphism b e t ' 5 is the identity map outside the disc {z \ tt\z\ 2 <t + l + e}. 

• The diffeomorphism b e t ' 5 carries the set 

(6.8) {re w | 5 < vrr 2 < 1 + e - 5 , 5 < 6 < 2tt - 5} 
to the set 

(6.9) {re ie \ t + 5 < nr 2 < t + 1 + e - 5 , 5 < 9 < 2tt - 5}. 
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Proof. We choose Hi' 5 whose Hamiltonian vector field vanishes outside the annulus {z \ t < 
tt\z\ 2 < 1 + t + e} and, on the set (16.91) . it is equal to -^-ip- (Then, on the set (16.91) . the 
derivative of the function ir\z\ 2 along this vector field is equal to one.) The Hamiltonian flow 
generated by the function H^ S , at time t > 0, will carry the set (16.81) to the set (I6.9p . as 
required. 

To be explicit, we may take Hl ,5 (re ld ) = — 7^p{(9)p2 S (7rr 2 ~ t) where < 9 < 2tt and 
t < nr 2 < 1 + 1 + e, where p\ : [0, 2n] — ► K. is a smooth family of functions that vanish to 
all orders at 9 = and 9 = 2n and such that p{ is equal to one on [5, 2n — 5] , and where 
P2 S ■ K. — > M is a smooth family of functions that vanish outside [0, 1 + e] and such that p^ S 
is equal to one on [5, 1 + e — 5] . □ 

Proof of Lemma \6.1\ Every closed subset of C which is contained in the slit disc 

(6.10) {;z|7r|,2| 2 <l + e}\ the non-negative x-axis 
is also contained in a set of the form 

{re 10 I 5 < vrr 2 < 1 + e - 5 , 8 < 9 < 2tt - 6} 

for some 5 > 0. Moreover, for every closed subset of (0, 1) x C which is contained in the 
product of the open segment (0, 1) with the slit disc (16.101) . there exists a smooth function 
e 1 — > <5 e such that the closed subset is also contained in the subset 

(6.11) {(e, re w ) | < e < 1 , 5 e < vrr 2 < 1 + e - 5 e , 5 e < 9 < 2n - 5 e } 
of (0, 1) x C. 

Let b\ be the Hamiltonian flows of Lemma [6.31 Because (e, z) t— > (e, bl(z)) is a diffeomor- 
phism of (0, 1) x C, it carries the set {(e, z) \ tt\z\ 2 < 1} to a closed subset of (0, 1) x C. For 
t > 1, by the second item of Lemma [6.31 this closed subset is contained in the product of 
(0, 1) with the slit disc (16.101) . Fix T > 1, and fix a smooth function e 1— > 5 t such that the 
set {(e,bfp(z)) \ n\z\ 2 < 1} is contained in the set (16. lip . 

Let b^' 5 be the Hamiltonian flows of Lemma 16.71 

Let p: [0,1] — > [0,1] be a smooth function that takes to and 1 to 1 and whose 
derivatives of all orders vanish at the endpoints and 1. For example, we may take 

p(s) = Jq e~ s ^- s ids/ Jq e~ s < 1 - s ) ds. The Hamiltonian flow 

b A, = f&Tp(2.) < T < 1/2 

T KpV-i) 1/2<t<1 
satisfies the requirements of Lemma 16.11 □ 

7. Disjoining a family of discs 

The purpose of this section is to prove the following quantitative result, which is later 
used in the proof of Theorem 13.11 



SHORTENING HOFER LENGTH OF CIRCLE ACTIONS 



21 



Lemma 7.1. Let W be a symplectic manifold and N: W — > [0, r) a proper function. Let 
Ai,A 2 : [0, r) — ► R 6e smooth functions such that the set 

C := {x G [0, r) | AiO) > and A 2 (a;) > 0} 

zs compact. Let U be an open subset of C x W that contains the set 

(7.2) {(z,w) | N(w) G C anrf7r|2| 2 < Ai(JV(w)) + A 2 (iV(tw))} . 

TTien i/iere exists a symplectic isotopy, compactly supported in U, that disjoins the set 

{(z,w) | it\z\ 2 < Ai(N(w))} 

from the set 

{(z,w) | tc\z\ 2 < A 2 (N(w))} 
and that preserves the function (z,w) h- > N(w). 

Lemma [77H is. more or less, a parametrized version of the fact that a disc of area A± can be 
disjoined from a disc of area A 2 inside any disc of area greater than A\ +A 2 . The symplectic 
isotopy moves the w coordinate but it does not change the value of N(w). For a fixed value 
of N(w), the effect of the isotopy on the z coordinate is independent of the w coordinate. 

Proof. There exist an open neighbourhood V of C whose closure in [0, r) is compact and a 
positive number e such that U contains the set 

{(z,w) | N(w) e closure(V) and tt\z\ 2 < A 1 (N(w)) + A 2 (N(w)) + e} . 

This follows from the compactness of (17. 2p . which, in turn, follows from the compactness 
of the set {(s,x) \ x G C and < s < Ai(x) + A 2 (x)} and the properness of the map 
(z, w) i — > (n\z\ 2 , N(w)) from C x W to [0, oo) x [0, r). 

Let p: [0,r) — > R be a smooth function that vanishes outside V and such that p\c = 1. 
Let Ff~ l,A2 (z) be a smooth family of functions, defined for z G C, t G [0,1], and A%, A 2 G R, 
such that, when Ay > and A 2 > 0, the time- dependent function z i— > F t 11 2 vanishes 
outside the set given by vr|2;| 2 < Ai + + e and its flow bf 1 ^ 2 , at time t = 1, carries the 
set {2 I vr|2| 2 < Ax} into the set | A 2 < tt\z\ 2 < A\ + A 2 + e}. For example, we may set 

F^ A \z) :=F A ^zljA^2) 

where A = 2 —— and e = — — — — and where F^ ,€ is as in Lemma 16.11 

A x + e/2 Ay + e/2 1 

Let 

H t (z,w) = p(iV(^))F t Al(iV{w)) ' A2{iV{w)) (^). 

This function vanishes outside the compact set 

{(z,w) I N(w) G closure(V) and n\z\ 2 < A x + A 2 + e} . 

Its Hamiltonian flow preserves the function N(w). We will show, for every N , that this 
flow, at time t — 1, disjoins 

(7.3) {(*>«0 I ^M 2 < Ai(JVq) and iV(tw) = iVo} 
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from 

(7.4) {(z, w) | ir\z\ 2 < A 2 (N ) and N(w) = N }. 

When N e C, the restriction of the Hamiltonian flow of H t to the level set {N(w) = N Q } 

is 

b t (z,w) = (bf 1 ^ ,b$ {ZtWtt) (w)) 

where A\ = Ai(Nq), where A 2 = A 2 (Nq), where bf 1 ^ 2 is the Hamiltonian flow of F Al,A2 
on C, where is the Hamiltonian flow of N on W (with time parameter T), and where 
T(z, w, t) is some real valued function of z, w, t. At t = 1, this flow carries the set 

{(z,w) | tt\z\ 2 < At(N ) and N(w) = N } 

into the set 

{(z,w) | A 2 (N ) < ir\z\ 2 < Ai(JVo) + A 2 (AT ) + e and N(w) = N } , 

so it disjoins f]T. 31) from ( 17.4ft . 

When A^o C, one of the sets ( 17. 3ft and (17.41) is empty. So the flow trivially disjoins the 
set (|Z3) from the set (j7^)l . □ 

8. Shortening on a manifold with an isolated maximum 

In this section we prove Theorem 13. II and Remarks 13.21 and 13.41 We recall the statement: 
Let (M, u) be a compact connected symplectic manifold with a Hamiltonian 
circle action. Suppose that the momentum map attains its maximum at an 
isolated fixed point and that at least one of the isotropy weights at that point 
has absolute value greater than one. Let d be a positive number that is smaller 
than the gap between the two largest singular values of the momentum map. 
Then the circle action can be deformed to a loop in Ham(M, uj) whose Hofer 
length is smaller than that of the original circle action by 2d/9. 

We can choose the deformation such that the positive Hofer length never 
exceeds the initial one and the negative Hofer length remains constant. Specif- 
ically, let H denote the momentum map, let p max denote the point where H 
attains its maximum, let a denote the gap between the two largest singular 
values of H, and consider the subset of M given by 

(8.1) {to I H(m) > H{p max ) - a}. 

We can choose the deformation such that the normalized deformed Hamilto- 
nians remain greater than H(p maiX ) — a on the set (18.11) and coincide with H 
outside this set. 

We actually obtain a better estimate than |gL If one of the isotropy weights 
is even then we can shorten by jd. Otherwise, let — k\ be the weight whose 
absolute value is largest; then we can shorten by |(1 — -jz)d. When k\ = 3, 
this becomes |d. 
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Proof of Theorem \3.1\ and Remarks \ 3.2 and \3.4\ Let —hi, . . . , — k n be the isotropy weights 
at p m ax- The equivariant Darboux theorem implies that the integers kj are positive. We 
assume that at least one of them is greater than one. Without loss of generality, 

(8.2) k 1 = a + b 

where a and b are positive integers. 

The point p max is the only critical point of H in the set ( 18.11) . and the momentum map H 
is proper as a map from this set to the ray (H(p max ) — a, oo). There exists an equivariant 
symplectomorphism from the subset of C n given by 

J^a = i z I ^iN 2 + • • • + k n \z n \ 2 ) < a}, 

with the circle action generated by the momentum map H(zi, . . . , z n ) = —ki7r\zi\ 2 — . . . — 
k n \z n \ 2 to the subset (18.11) of M; denote it 

z: M« -> M. 

This follows from [01 Proposition 2.8] (which should have been stated with \z^ instead of 
the typo \zj\). 
Let 

N(z 2 , ...,z n ) := 7!-(k 2 \z 2 \ 2 + . . . + k n \z n \ 2 ). 
We will apply Lemma [57TI with U = , 
K(zi, . . . ,z n ) := H(p max ) - tt6|zi| 2 , and F(zi, . . . , z n ) := — 7ra|zi | 2 - N(z 2 , • . . , z n ). 

Let < d < a and let s — |<i. By Lemma 15.11 to shorten by amount s, it is enough to 
disjoin the set = {z \ nb\zi\ 2 < s} from the set J\ff = {z \ 7ia\zi\ 2 + N(z 2 , . . . , z n ) < s} 
by a compactly supported symplectic isotopy of of that preserves the function 

N(zt, z 2 ,..., Zn) := N(z 2 , ...,z n ). 
Write the sets and as 

Af K = { z | vrl^l 2 < £} and Aff = {z \ 7r|^| 2 < S - — }. 

b a 

By Lemma f7.1[ with A\(N) = s/b and A 2 (N) = (s — N)/a, for any open neighbourhood U 
of the set 

r , , ,9 S S — N , 

8.3 {z\7t\ Zl \ 2 <- + } 

b a 

there exists a symplectic isotopy, compactly supported in U, that disjoins J\ff from J\f^ and 
that preserves the function N . So it is enough to show that the set (I8.3P is contained in the 
set N*. 

Because a + b — ki, we can rewrite the set (18.31) as 

. . , . ab , ,o b 
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Also, we rewrite the set A^f as 

h 1 

(8.5) {z | — tt|zi| 2 + -N < 1}. 

a a 

It remains to show that the set (18.41) is contained in the set (18. 5p . This is equivalent to 
requiring that 

ab kx b 1 

— — > — and — — > — . 

ski a ski ot 

Because a < ki, the first of these inequalities implies the second. 

If k\ is even, write k\ = a + b where b = a. Then ab/kf = 1/4, which is greater than 2/9. 
If fci is odd, write k% = a + b where b = a + 1. Then ab/kf = 1/4(1 — 1/kf) which, because 
k\ > 3, is greater than or equal to 1/4(1 — 1/9) = 2/9. In either case, if s = 2/9d and d < a, 
then s < (ab/kf)a, which is equivalent to the required inequality. □ 

9. Local normal form near a fixed component, and its consequences 

In this section we recall a local normal form for a neighborhood of a fixed component in 
a manifold with Hamiltonian circle action, and we give some consequences that we will use 
in the next section. 

Lemma 9.1. Let 

tt: E -> B 

be a symplectic vector bundle, i.e., a vector bundle with a fibrewise symplectic form. There 
exists on the total space E a closed two-form ujq with the following properties. 

(1) The pullback of u@ to the fibres of E coincides with the fibrewise symplectic forms. 

(2) The pullback of by the zero section of E is zero. 

(3) At the points of the zero section, the fibres of E are orthogonal to the zero section. 

Moreover, if a compact Lie group K acts on E by bundle automorphisms, then oj® can be 
chosen to be K invariant. 

Proof. Let 2n = rankE 1 , and let 

G = Sp(M 2n ). 

Let P — » B be the principal G bundle (with a right G action) whose fibre Ej, over a point b 
of B consists of the set of linear symplectic isomorphisms from K 2n to E^. 
We identify E with the associated bundle 

P x G R 2n , 

in which [pa, z] = [p, az] for all p G P, z G M 2n , and a G G. 

Let G G fi 1 (-P, q) be a connection one-form; use the same symbol, G, to denote its pullback 
to P x M. 2n . Let ujq be the standard symplectic form on M. 2n . Let $ R 2n : M. 2n — > g* be the 
quadratic momentum map for the G-action on R 2n . Let (•, •) denote the pairing between 
0* and q. Then ($R2n, Q) is a G-invariant real valued one-form on P x M. 2n . The difference 
ujq — d ($R2n, 9) descends to a closed two-form w 9 on P x G R 2n with the desired properties. 
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If a compact Lie group K acts on E by bundle automorphisms, then, by averaging, we 
can choose the connection one-form to be K- invariant. The resulting two- form ujq is then 
X-invariant. □ 

Remark 9.2. The connection on E that is induced from determines a splitting 

TE = 7T*TB®7T*E. 

With respect to this splitting, uq can be written as a block matrix 

X 
A 

where X is an alternating bilinear form on the fibres of tt*TB and A is the fibrewise sym- 
plectic form on E. At the points of the zero section, X = 0. 

Let (B,u B ) be a symplectic manifold, let it: E — > B be a symplectic vector bundle, and 
let a compact Lie group K act on E by bundle automorphisms that descend to symplecto- 
morphisms of (B,u B ). Let be a closed two-form as in Lemma I9TT1 The corresponding 
coupling form is 

(9.3) u E := 7t*ujb +^e- 

It has the following properties. 

(1) Its pullback to the fibres coincides with the fibrewise symlectic forms. 

(2) Its pullback by the zero section coincides with oj b . 

(3) At the points of the zero section, the fibres of E are w^-orthogonal to the zero section. 
Consequently, uje is non-degenerate near the zero section, and the normal bundle of the zero 
section in (E,ue) is isomorphic to E — > B as symplectic vector bundles. 

Remark 9.4. The construction that we just described is Shlomo Sternberg's minimal cou- 
pling [22]. For more details, see chapter 1 of the book [4] by Guillemin, Lerman, and 
Sternberg. 

Now let B be a connected component of the fixed point set of a circle action on a symplectic 
manifold (M,cj), and let E be the normal bundle of B in M. Then B is a symplectic 
submanifold, and E can be identified with the symplectic orthocomplement of TB in TM\b- 
Let oje be a coupling form on E, as described above. With this setting, we have the following 
symplectic tubular neighbourhood theorem. 

There exists a neighbourhood U of the zero section in E and an equivariant 
, , symplectic open embedding (U,uj e ) — > (M,u) whose restriction to the zero 
^ ' ' section is the identity map on B and, under the natural identification of TE\b 

with TM\b, whose differential is the identity map at every point of B. 

(This follows from the classical tubular neighborhood theorem in differential topology, 
combined with Theorem 4.1 of Alan Weinstein's paper [24], keeping track of a group action 
as explained in the last paragraph of Section 3 of [24J.) 
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Lemma 9.6. Let E — > B be a symplectic vector bundle with afibrewise circle action. Suppose 
that all the weights are negative; denote the weights by —k%, . . . , — k s and let 

k = min{fci, . . . , k s } — 1. 

Then there exist k + 1 commuting fibrewise circle actions on E, with quadratic momentum 
maps 

H (j) : E , 0<j<k 

that are negative outside the zero section and whose sum 

H(o) + #(i) + • • • + H( k ) 

is a fibrewise momentum map for the given circle action. Also, there exist arbitrarily small 
neighborhoods U of the zero section whose intersections with the fibres of E are connected 
and that satisfy 

k k 

(9.7) inf]Ti% = ^inftf (j) . 

3=0 3=0 

Proof. After eliminating repetitions, we may assume that the positive numbers k\,...,k s 
are distinct. Let Ej denote the — kjth weight space for the circle action on E, so that E 
decomposes as E\ © . . . © E s . Choose a compatible fibrewise Hermitian metric on each of 
the bundles Ex, . . . , E s . The function 

z I— > 7r||zj|| 2 , 

for z — (z\, . . . , z s ) G E\ © . . . © E s , is a momentum map for the scalar multiplication circle 
action on the Ej factor. The quadratic fibrewise momentum map for the given circle action 
on E is 

(9.8) — fci7r||zi|| 2 — ... — A; s 7r||z s || 2 . 
For each j, because kj > k + 1, we can decompose kj as 

kj = ciQj + a,\j + . . . + ajcj 
where positive integers. We get a decomposition of (19.81) into the sum 

H(o) + H(i) + . . . + 

where 

H(i)(z) = — a^iTT || ^! || 2 - ... - a^H^H 2 

generates the fibrewise circle action on U that rotates the jth coordinate with speed — Oy. 
Because the numbers Oy are positive, the functions H(j) are negative outside the zero section. 
Finally, every neighborhood of the zero section contains a neighborhood of the form U = 

s 

f] {z | 7r||2;j|| 2 < e}. This neighborhood U satisfies (19 ,7p . and the intersections of U with the 

3=1 

fibres of E are connected. □ 
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Lemma 9.9. Let (B,u>b) be a symplectic manifold, let E — > B be a symplectic vector bundle, 
letu E be a coupling form (cf. (19.31) ), and let U be a subset of E where u>e is non-degenerate. 
Let k be a positive integer. Suppose that the Euler class e(E) of E satisfies e(E) k = in 
H*(B). Then there exist smooth functions gx,...,g^:U — > R whose Hamiltonian vector 
fields are nowhere all tangent to the zero section of E. 

Proof. Let £i, be sections of E — > B that are nowhere all vanishing. (Choose the 

first k — 1 sections arbitrarily; perturb them so that the intersection of their zero-sets is a 
smooth submanifold B of B. The homology class of B is the Poincare dual to e(E) k ~ 1 in 
H*(B). Because e(E) k = 0, the Euler class of the bundle E\ B — > B is zero. So this bundle 
has a non-vanishing section. Take to be a smooth extension of this section to a section of 
E^B.) 

Fix j G {1, . . . , k}. Let gj : E — > R be the function whose restriction to the fibre over 
b E B is the linear functional i{^j{b))uiE- Identifying E with the vertical subbundle of TE\ B , 
the Hamiltonian vector field of gj\u is equal to £j at the points of the zero section. 

Because £i> ■ ■ ■ ; £fc are vertical and nowhere vanishing, they are nowhere all tangent to the 
zero section. □ 



In preparation for the proof of Theorem 13.91 which involves a subbundle of the normal 
bundle, we now give a refinement of the minimal coupling construction. Let (B,ujb) be a 
symplectic manifold, let tt: E — > B be a symplectic vector bundle, and let a compact Lie 
group K act on E by bundle automorphisms. Let E' be a .fT-invariant symplectic sub-bundle 
ol E. 

Let E" be the symplectic orthocomplement of E' in E. Then E = E' © E", and we have 
a pullback diagram: 



(9.10) ,j 

E' — 5. 

Let ujqi and u^// denote two-forms on E' and with the properties listed in Lemma 19.11 
The corresponding coupling forms on E' and on E are 

and 

(9.11) uje = tt*ujb + p'*ujq' + p"*uj@n 

= p U E > +P OJqu. 

We say that such a coupling form uje on E is compatible with the coupling form oje 1 on i?'. 

The proof of Theorem 13.91 will use the following lemma. In it, we view E" as the subset 
of E consisting of the set of points whose fibrewise E' coordinate is zero, i.e., the preimage 
under p' of the zero set of E'. 
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Lemma 9.12. Let (B,ub) be a symplectic manifold, let E — > B be a symplectic vector 
bundle, and let E' and E" be symplectic sub-bundles such that E = E' © E" . Let lue' be 
a coupling form on E' and let uje be a compatible coupling form on E (cf. (19.120 ). Let U' 
be a neighbourhood of the zero section in E' where uje 1 is non- degenerate, and let U be a 
neighbourhood of the zero section in E where uje is non-degenerate and that is contained in 
p'-\U'). 

Let g[, . . . ,g' k : U' — > R be smooth functions whose Hamiltonian vector fields in U' are 
nowhere all tangent to the zero section of E' . Let <7i, . . . , <7&: U — > R be their pullbacks under 
p'\u'- U — > U' . Then, at each point of the zero section of E, the Hamiltonian vector fields of 
gi, . . . , gk are tangent to E' and are not all tangent to the zero section of E. 



Proof. The connections on E' and on E" give decompositions 



(9.13) 

and 

(9.14) 



TE' 



7T 



*TB © tt'*E' 



TE 



n*TB © n*E' © n*E". 



A vector in TE' is tangent to the zero section exactly if it is based at a point of the zero 
section and, under the decomposition (19.130 . is represented by a block vector of the form 



(9.15) 







Similarly, a vector in TE is tangent to the zero section exactly if it is based at a point of 
the zero section and, under the decomposition (19.140 . is represented by a block vector of the 
form 



(9.16) 








Fix a point b of B; identify it with the corresponding points of the zero sections of E' 
and of E. Let . . . ,£' k be the Hamiltonian vector fields of g[, . . . ,g' k in U' . Under the 
decomposition (19.130 . their values at the point b are represented by block vectors, which we 
write as 



(9.17) 



e kv (b) 



To prove the lemma, it is enough to show that, under the decomposition (19.141) . the values 
at b of the Hamiltonian vector fields of the pullbacks gi, ■ ■ ■ ,gk are represented by the block 
vectors 



(9.18) 
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Indeed, from the assumption that, for every b G B, not all the vectors ( 19. 17ft have the 
form f)9.15p . we deduce that, for every b G B, not all the vectors (I9.18P have the form (I9.16p . 

We proceed to prove that, at each point of the zero section, if the Hamiltonian vector 
fields £[,■■■ ,£'k of g[, ... ,g' k have the form (I9.17p . then the Hamiltonian vector fields of the 
pullbacks g 1: . . . ,g k have the form (19.181) . 

Let 

£ i) • • • > i'k 

denote the vector fields on U that, under the decomposition (19.141) . are represented by the 
block vectors (I9.18p . Under the same decomposition (19.141) . the two-form p"*ujqh on E is 
represented by a block matrix of the form 

(9.19) 

At the points of the zero section, X = (cf. Remark (19.21) ). so, at these points, the vec- 
tors (I9.18P are in the null space of the bilinear form given by (19.191) . 
Fix j G {1, . . . , k}. We have just shown that 

(9.20) i(^'j)p"* ujq// = at the points of the zero section of E. 
We now compute: 

dgj = p'*dg'j by the definition of gj 

— ~ v'* ^i'j) 1 ^ E' by the definition of £j 

= -^(i'j)p'*^E' because p'^' j = ^ 

(9.21) = -,(^.)(^-/W) by 
By ( 19311 and (ICTj) . 

dgj = — j)uoE at the points of the zero section . 

This implies that the Hamiltonian vector field of gj is equal to the vector field £'j at the 
point of the zero section, as required. □ 

10. Shortening on a manifold with an arbitrary maximum 

In this section we prove Theorems 13.71 and 13.91 with Remarks 13.81 and 13.111 
We begin by recalling the statement of Theorem 13.71 and Remark 13.81 

Let (M, u) be a compact connected symplectic manifold with a Hamiltonian 
circle action. Let -B max be the set where the momentum map is maximal. Let 
—hi, . . . , — k s denote the distinct weights for the circle action on the normal 
bundle of B mSuX , and let k := minjfci, . . . , k s } — 1. Suppose that -E> max is 
symplectically /c-displaceable in every neighbourhood. Then the circle action 
can be deformed through loops in Ham(M, uj) into a loop of smaller Hofer 
length. 
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We can choose the deformation such that the positive Hofer length never 
exceeds the initial one and the negative Hofer length remains constant. Specif- 
ically, let H denote the momentum map. For every positive number a, we can 
choose the deformation such that the normalized deformed Hamiltonians re- 
main greater than H(B max ) — a on the set {m e M \ H(m) > H(B max ) — a} 
and coincide with H outside this set. 



Proof of Theorem 5V? and Remark \3.8i . Let E denote the normal bundle of B max in (M,u). 



Let uje be a coupling form on E (cf. ( 19. 3ft ). By the local normal form theorem ( 19. 5ft there 
exists a neighborhood U of the zero section in E and there exists an S 1 equivariant open 
symplectic embedding 

i: (U,u E ) {M,u) 

whose restriction to the zero section is the identity map on -B max and, under the natural 
identification of TE\b with TM\b, whose differential is the identity map at every point 
of B. Given a positive number a, we may choose the neighborhood U such that i(U) C 
{me M \ H(m) > H(B max ) - a}. 

Apply Lemma l9To1 to obtain k + 1 commuting fibrewise circle actions on E, with quadratic 
momentum maps 

H' {j) : E -»• R , < j < k, 

with the following properties. These momentum maps are negative outside the zero section. 
Their sum 

H [o) + H {i) + ■■■ + H(k) 
is a fibrewise momentum map for the circle action on E. After possibly shrinking the set U, 
we may assume that the intersections of U with the fibers of E are connected and that 

k k 
3=0 3=0 

Let H : M — > R be the momentum map on M. We have 

(10.1) i*H = {H(B max ) + H{ 0) + H' {1) + ... + H{ k) ) \ v 

= H {0) + H {1) + ... + H {k) , 

where = H(B max ) + HLAy and where = H'^\u for each 1 < j < k. (On each fibre 
of E, the left and right hand sides of (110.11) are momentum maps with the same value at the 
origin, so they are equal.) 

We are now in the setup of Lemma lo.101 with the function : U — > R being constant. The 
sets -Bmlx where the functions attain their maximum are all equal to the zero section of 
E. This implies the assumption (15 . 1 2[) of Lemma 15.101 It also reduces the last assumption 
of Lemma 15.101 to the assumption that the zero section is symplectically /c-displaceable in 
U. This assumption then follows from that -B max is symplectically fc-displaceable in i(U). 
Theorem 13.71 and Remark 13.81 then follows from Lemma 15.101 □ 
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Next, we prove Theorem 13.91 and Remark 13.111 We recall the statement: 

Let (M, uo) be a compact connected symplectic manifold with a Hamiltonian 
circle action. Let B max be the set where the momentum map is maximal. Let 
E' — > -B max be an S^-invariant subbundle of the normal bundle to -B max in M, 
and let — k[, . . . , — k' s , be the distinct weights for the circle action on E' . Let 

k' = mm{k[,...,k' s/ } - 1. 

Let e(E') e H*(B max ) be the Euler class of E' . Suppose that 

(10.2) e(E') k ' = 

in H*(B ma , x ). Then the circle action can be deformed through loops in Ham(M, u) 
into a loop of smaller Hofer length. 

We can choose the deformation such that the positive Hofer length never 
exceeds the initial one and the negative Hofer length remains constant. Specif- 
ically, let H denote the momentum map. For every positive number a, we can 
choose the deformation such that the normalized deformed Hamiltonians re- 
main greater than H(B max ) — a on the set {m G M | H{m) > H(B max ) — a} 
and coincide with H outside this set. 

Proof of Theorem \3.9i and Remark \3.11\ Let E denote the normal bundle of B max in (M, uj). 
Let E" be the symplectic orthocomplement of E' in E, so E = E' © E". Recall the pullback 
diagram (19.1 Oft : 

n" 

E > E 

(10.3) 

E' -^-> B. 

Let u)e> be a coupling form on E' (cf. (19.31) ). and let w B bea compatible coupling form on E 

(cf. dS32D). 

Applying Lemma P9.6^ we get k' + 1 commuting fibrewise circle actions on the fibres of E', 
with quadratic momentum maps 

H' {j) : E' -> R , < j < k', 

that are negative outside the zero section, and whose sum 

/f( ) + • • • + -ff(fc) 

is a fibrewise momentum map for the circle action on E' . We also get a neighborhood U' of 
the zero section of E' where ue> is non-degenerate, whose intersection with the fibres of E' 
are connected, and on which 

k k 



sup 

3=0 j=0 
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By the local normal form theorem (cf. (19.51) ) there exists a neighborhood U of the zero 
section in E and an S 1 equivariant symplectic open embedding 

i: (U,u E ) -> (M,u) 

whose restriction to the zero section is the identity map on B and, under the natural iden- 
tification of TE\b with TM\b, whose differential is the identity map at every point of B. 
We choose such a neighborhood U whose intersections with the fibres of E are connected 
and that is contained in p'~ 1 U'. Given a positive number a, we may also arrange that 
i(U) C {m G M | H(m) > H(B max ) -a}. 

Let H" : E" — > R denote the fibrewise quadratic momentum map for the circle action on 
E". Let H : M —>■ R be the momentum map on M. Then 

(10.4) i*H = (#(£? max ) + p'*H' {0) + ...+ p'*H{ k) + p"*H") \ Ue 

= H {0) + H {1) + . . . + H {k) , 

where 

H {0) = H(B max ) +p'*H[ 0) +p"*H" 

and where 

H (j) = p'*H' {j) for all 1 < j < k. 

(The left and right hand sides of (110.41) are fibrewise momentum maps on an ellipsoid bundle 
that coincide along the zero section, so they are equal.) 

We are now in the setup of Lemma 15.101 with N = p"*H". The set Bmix where H/q-\ 

attains its maximum is the zero section, and, for 1 < j < k, the set -Bmix where 
attains its maximum is the intersection of U with the image of E" in E. Slightly abusing 
notation, we write these sets as -B max and as E" fl U. To apply Lemma 15.101 we need to 
find symplectomorphisms b\, . . . , b k of U, each connected to the identity through a path of 
compactly supported symplectomorphisms of U, such that 

(10.5) 5 max n b\{E" n u) n . . . n h(E" n u) = 0. 

By Lemma 19. 9[ there exist functions g[ , . . . , g' k on U' whose Hamiltonian vector fields are 
nowhere all tangent to the zero section of E'. Let gi, . . . , g k be the product of their pullbacks 
to U with a cutoff function that is equal to 1 near the zero section and is supported in U. 
Lemma f9. 121 implies that, at each point of B max , the Hamiltonian vector fields of gi, . . . , g k are 
tangent to E' and are not all tangent to B ma/X . Let ipf 1 , . . . , ipf k be the corresponding flows. If 
t is a sufficiently small positive number, the intersection i? max n , 0f 1 (.E"n£/)n. . . fl^f 1 (E"nU) 
is empty. Lemma r5.10[ with b\, . . . , b k taken to be ipf 1 , . . . , ijjf k , gives the result of Theorem l3.9l 
and Remark 13. Ill □ 

11. The index of the positive Hofer length functional 

In this section we prove Theorem 13.161 and Remark 13.171 We recall the statement, with 
slight change of notation (H M instead of H): 
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Let (M, lo) be a 2n dimensional compact connected manifold with a Hamil- 
tonian circle action. Suppose that the momentum map attains its maximum 
at an isolated fixed point. Let —k%, . . . , —k n be the isotropy weights at the 
maximum, with possible repetitions. Then there exists a neighbourhood D of 
the origin in M^ 2 ^" 1 ', and, for each A G D, a loop {tpt^}o<t<i in Ham(M, u>), 
such that the following properties hold. For A = 0, the loop {tfjl°^} <t<i is the 
given circle action. The function A i— > length ({^t }) is smooth, A = is a 
critical point of this function, and the Hessian of this function at A = is 
negative definite. 

In fact, we can choose the deformation such that the negative Hofer length 
remains constant. Specifically, let Hm denote the momentum map, and let 
Pmax denote the point where H M attains its maximum. For every positive 
number a, we can choose the deformation such that the normalized deformed 
Hamiltonian remains greater than Hm (Pmax)-a on the set {m G M \ Hm(iti) > 
-f^A/(Pmax) — d} and coincides with Hm outside this set. 

Proof of Theorem \3.16i and Remark 3.17\ We set the following notation. 

(f) t :C^C , 4> t {z) = e~ 2nit z forteR. 

Px : C -> C , px(z) = z + A for A G C. 
Let p m ax denote the point where the momentum map Hm attains its maximum. By the 
equivariant Darboux theorem, near p max , we can identify the manifold with C n , the action 
with the product action 

(11-1) (0fcit) x ••• x (0fc„t), 

and the momentum map with the function 

Z ^ i^Af(Pmax) ~ N(z), 

where 

(11.2) N(z) = 7T {h\ Zl \ 2 + ... + k n \z n \ 2 ) . 

(We will use variants of the symbol N to denote variations and combinations of norm- 
square functions, and we will use variants of the symbol H to denote momentum maps.) 
If k is an integer greater than 1, the non-effective circle action <pk t on C has the deformation 

(H-3) 0j A) := <pt o (3 Xk ^ o <f>t ° • • • ° P\ 2 ° <Pt o Pm o 4>t o P-\ 1 -...-\ h _ 1 , 

parametrized by (A) = (Ai, . . . , Afe_i) G C fc_1 and generated by 

(11.4) H[ X) :=H + HP^; 1 + ff^r 1 ^^" 1 + • • • + HP^^Px^t 1 ■ ■ ■ PxL<t>l\ 

where H(z) = — tt\z\ 2 . (We will use the symbol (A), with brackets, for a parameter in C fe ~ 1 
or in C^ ki ~^ and the symbol A, without brackets, for a parameter in C.) 

Applying such a deformation to each factor of ( 11 1.11) . we get a family of deformations of 
the product action. This family is parametrized by elements of C^ fci_1 ). When we view the 
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parameter (A) as an element ((A)i, . . . , (A) n ) of the n-fold product C kl 1 x . . . x C kn 1 , the 
deformation is 

(11.5) ^'x.-.x^", 
and it is generated by 

(11.6) Hi X \z):=H ( t X)l (z 1 ) + ... + H ( t X)n (z n ). 

With the help of cut-off functions, this deformation can be plugged into the original 
manifold to obtain a family of deformations of the original circle action, parametrized by 
As in a neighbourhood D of the origin in C^ fci ~ 1 - ) , and generated by a function that in 
a neighborhood of p can be identified with z \- > i^j\/(p ma x) + H{ X \z) and that attains its 
maximum in that neighborhood. We give the details later. 

We now turn to the relevant computation on C n . We consider the function 



from CV-^ -1 ) to R. By (111.41) and fjll.6jl . this function is smooth, is everywhere non-positive, 
and vanishes at the origin. We would like to show that its Hessian at the origin is negative 
definite. 

By (jll.6p . it is enough to consider each of the functions (A)j i— >■ max H^dt separately. 
Omitting the index i and multiplying by — 1/tt, we consider the function 

(11.7) (A)~ f (min--H[ X) )dt 

Jo V zeC T / 

from C fc_1 to R. By fjll.4j) it is smooth, everywhere non- negative, and vanishes at the origin. 
We need to show that its Hessian at the origin is positive definite. 

The function (111.71) is a function of 2k — 2 variables, namely, of the real and imaginary 
parts of Ai, . . . , A&-1. To compute its Hessian, we only need to vary two variables at a time. 
First suppose that the two variables are the real and imaginary parts of the same Aj, say, of 
A& where 1 < b < k — 1. We set A& = A and Aj = for all i ^ b. Setting b = k — a, we have 
k = a + b with a and b positive integers. The original non-effective circle action on C can be 
written as 

4>kt = 4>at ° 4>bt, 

and the deformed action in these directions is 

t A = 4>at°f3\ O (f) bt o(3_ X . 

We compute directly the Hamiltonian that generates the loop <f> X . The rotation <\>u is gen- 
erated by the Hamiltonian bH, where H(z) = —tt\z\ 2 . Its conjugation /3\4>btP-x is generated 
by bH(3-\. Composing with <p at , we get that t is generated by the Hamiltonian 

H X = aH + bH(3_ x <p_ at . 
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(Of course, this is just (111.41) when we set A a = A and Aj = for i ^ a.) So 

--Ht(z) = a\z\ 2 + b \e 2 * iat z - X\ 2 

= (a + b)\z\ 2 + 6|A| 2 - 2bRe(e~ 27liat zX) 
= kx 2 + ky 2 - 2bxRe{e- 2niat X) - 2bylm{e~ 2Tiat A) + 6|A| 2 
where z = x + iy. The minimal value of this function as z varies in C is 

6(1-^)|A| 2 . 

This is independent of t, so integrating over t e [0,1] gives again 6(1 — |)|A| 2 . Because 
1 < b < k — 1, the coefficient b(l — |) is positive, so the Hessian of this function (as a 
function of the real and imaginary parts of A) is positive definite, as required. 

Now suppose that one of the two variables that we vary is the real or imaginary part of 
Aj and the other is the real or imaginary part of Xj where i and j are different, say, i = c 
and j = b + c where b and c are positive integers and b + c is smaller than k. We set A c = /i, 
Xb+c = A, and Aj = for all i other than c and b + c. 

Writing k = a + b + c with a, b, c positive integers, the deformed action is the family of 
loops of symplectomorphisms, parametrized by A and fi in C, given by 

0t "* = 'Pat °(3\° <fibt ° /3 M o <fict ° /3-m-a- 

We now compute the Hamiltonian that generates the deformed family The rotation 
<p c t is generated by the Hamiltonian cH, where H(z) = —tt\z\ 2 . Its conjugation (3^,^(3-^ is 
generated by cff/3_ M . The composition (fibtofi^ctP-n is generated by bH + (cH '/?_ M )0_&f. Fur- 
ther conjugating by /3 A , we get that Px4>btPii4>ctP-^-x is generated by bHfi-x + cHP-^-btP-x- 
Finally, composing with <f) at , we get that (f)^ is generated by the Hamiltonian 

= aH + bH(3_ x <fr-at + cHp_^(f)_ bt p_ X (f)_ at . 

(Of course, this is just (111.41) when we set A c = /i, A& +c = A, and Aj = for all i other than 
c and 6 + c.) So 

--i? t A,M (z) = a|z| 2 + b \e 2mat z - A| 2 + c | e 2 «(«+ 6 )*z - e 2 ™ bt X - // . 

7T 

The second summand is b times 

\z\ 2 + |A| 2 - 2xRe(e- 27rmt A) - 2yIm(e- 27riat A), 

where z = x + iy. 

The third summand is c times 

|z| 2 + |A| 2 + |/i| 2 + 2Re(e- 2 ^V) 

- 2xRe {e~ 2mat X + e~ 2 ^ a+h)t ^)) - 2y\m (e~ 27riat X + e' 2m{a+b)t ^)) . 
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So we have 

'11.8) - -H X,tM (z) = k(x 2 + y 2 ) - 2x(blah x ) - 2y(Uah y ) + (the rest] 



7T 



where 



and 



blah x = Re ((& + c)e~ 2niat \ + ce- 2mi - a+b)t p) 
blah y = Im ((b + c)e- 27Tiat X + ce~ 2 ^ a+b)t p) 



the rest = (6 + c)|A| 2 + c\p\ 2 + 2cRe (e" 2 ™ 6 ' A/i) . 
By completing the squares, we find that the minimal value of (111.81) is 

Itblah^-i 



— (blah,.) 2 - T (blah y ) 2 + (the rest). 



Explicitly, 



1— A„u\ w i+C 2 , C, 



mm f ) = (b + c)(l - ^)|A| 2 + c(l - £)H 



So 



+ 2Re (e 2?r * 6 * times something that is independent of t) 



rmn ( --^'H eft = (6 + c)(l - ^)|A| 2 + c(l - 



The matrix of second derivatives of this function, as a function of the real and imaginary 
parts of A and fi, is diagonal. (Of course, the elements on the diagonal are exactly the ones 
that we found before: the diagonal elements corresponding to the real and imaginary parts 
of Xj are j(l - |).) 

Thus, the matrix of second derivatives of the function (I11.7P at the origin is a diagonal 
matrix with positive entries. So the Hessian of the function (I11.7P at the origin is positive 
definite, as required. 



This completes our computation in C n . We now return to our manifold M. Fix a sym- 
plectomorphism f:U—* M from a neighborhood U of the origin in C n onto a neigh- 
borhood of p in M such that /(0) = p and such that (f*H M )(z) = H M {p) — N(z), 
where N(-) is given in (111.21) . Given a positive number a, we may choose U such that 
i{U) C {m 6 M | H M (m) > H M (p max ) - a}. 

Let e be a positive number that is sufficiently small so that the set {z 6 C n | |-/V(z)| < e} 
is contained in U. Then the subset of M where Hm is e-close to its maximum Hm{p) is 
contained in f(U). (See the facts about Hamiltonian circle actions in £j2j) 

Let p: [0, oo) — > [0, 1] be a smooth function that is equal to one on [0, e/2] and is equal 
to zero outside [0,e). Use the same symbol, p, to denote the function z \— > p(N(z)) on C n . 
Then the function H[ p X \z) is equal to if] (z) when iV(z) < e/2 and is equal to — N(z) 
when iV(z) > e. 
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The function on M 

r (/>•*), 



11.9) H 



Mt 



-f^M(Pmax) + Hf (•) o / 1 Hyi is e-close to its maximum Hm(Pu 



H M elsewhere 



is smooth and it generates a deformation of our loop. 

If the original momentum map Hm is normalized, so is the deformed Hamiltonian (lll.9p . 
The argument is similar to (15.181) . 

Let D be a neighborhood of the origin in C^ ( - fci_1 ^ that is small enough so that, for every 
A G D, the following facts are true. 

- For every t, the subset of C n where h\. X \z) attains its maximum is contained in 
{z | N(z) < e/4}. 

- This maximum is greater than —e/4. 

- For every v and z such that < v < 1 and e/2 < N(z) < e, we have H[ v ' X \z) < —e/4 
for all t. 

This is possible because h[ x \z) is smooth in the variables A, z, and t, is quadratic in z, and 
is equal to — N(z) when A = 0. 

Then, for every A and t, the functions H[ p x \z) and h[ x \z) have the same maximal value, 
and they attain it at the same (unique) value of z. 

Denote by ip^ the family of loops in Ham(M, u) that are generated by the functions (111.9p . 
By our choice of D, for every A G D, the positive Hofer length of the corresponding loop is 

M{^ A) })=#mGw)+ f mzxHi X \z)dt. 

Jo zeC ™ 

By this and our computation in C n , the function 

a-MM (a) }) 

from D to M takes its maximal value at the origin and its Hessian at the origin is negative 
definite. This completes the proof of Theorem 13.161 and Remark 13.171 □ 
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